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Abstract
We propose a novel algorithm to compute the width of any generic n-body decay involving
multiple off-shell particles having zero and non-zero spins. Starting from a toy example, we show
the computations for three different processes that contain spin-0, 12 , and 1 off-shell particles. We
have checked that our results match with the existing results at the analytical level. This proposal
can be automatized and should be useful to compute the phase space for long cascade decays,
without any Monte Carlo sampling.
PACS No.: 12.20.Ds, 14.80.-j, 12.90.+b
1 Introduction
A standard problem in quantum field theory is to calculate the decay width Γ of a parent particle A
to n number of daughter particles. As is well-known, the physics resides in the spin-averaged matrix
element squared |M|2 for the transition, but there are two kinematic factors also, namely, the initial
flux (which is given by the mass of A if it is at rest) and the n-body phase space. While the calculation
of Γ for 1 → 2 processes is an undergraduate exercise, the phase space integration gets complicated
for n ≥ 3, and even more so if all the particle masses are kept in the calculation. Often, this has to
be done by some Monte Carlo (MC) sampling [1], introducing further uncertainties and also taking
a lot of computer time. Depending on the complexity of the phase space, one has to compromise
between the accuracy and the computer time needed, even more so if a huge number of events are to
be generated.
In this paper we would like to propose an algorithmic approach to deal with the 1 → n cascade
decays, mediated by virtual particles. The algorithm does not work if one or more of the intermediate
particles are on-shell; one must apply the algorithm separately for different cascade branches. The
algorithm consists of the following steps. Several examples are provided later on, as well as estimates
of numerical accuracy of the approach.
1. Cut each and every off-shell propagator into two pieces such that the full cascade can be de-
composed in terms of multiple 1 → 2 decays. This is, of course, not the usual prescription
of Cutkosky [2] of cutting an on-shell propagator to get the absorptive part of the amplitude.
Rather, this is an artificial cut, and one must remember that the cut propagator is still off-shell.
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Thus, (i) the spin sum over the off-shell leg cannot be done at this stage, and (ii) the phase
space becomes imaginary.
2. Assign spin (for fermions) and polarization (for gauge bosons) indices for all particles, both on-
and off-shell. Our convention for the following examples will be to use Latin (Greek) alphabet
for fermion (gauge boson) polarization indices. We will call both of them spin, as there should
not be any chance of confusion.
3. While squaring the amplitude, one must not sum over the external leg spins that are off-shell,
as mentioned in Rule 1. The indices that appear in the vertices are to be summed over as usual.
Following this prescription, we calculate a few quantities (examples are provided later) which are
analogous to the scalar quantities like |M|2 or Γ that one usually computes. However, because
of the floating indices, they are not scalars in our case; rather, they are tensors in spin indices.
4. Once we compute all such variables necessary for the full cascade decay, we will club them
according to their appearance in the cascade such that all the spin indices are contracted leading
to the trace of the full matrix in spin space. The final trace is a scalar quantity. For an off-shell
scalar propagator, the entire trace can be decomposed into the product of two traces.
5. The most important part is to write the 1 → 2 phase space function in terms of the invariant
masses of the off-shell particles and then integrate over all possible values of the invariant mass.
For n off-shell particles there will be n such integrals. This integral takes into account the off-
shell propagator too. This is the crux of the algorithm and should better be followed by the
following examples.
6. All the intermediate “partial decay widths” Γ˜ are to be defined in the prescribed way. Their
dimensions need not be that of mass.
7. Finally, for identical particles in the final state, we need to incorporate the symmetry factor in
the form of (1− 12δIJ) for the decay A(∗) → IJ .
Thus, the width for the decay A→ B∗C∗, B∗ → DE, C∗ → FG should typically be of the form
Γ =
1
mA
∫ [
1
pi
dm2DE
(m2DE −m2B)2
] [
1
pi
dm2FG
(m2FG −m2C)2
]
Γ˜(A→ BC)Γ˜(B → DE)Γ˜(C → FG) , (1)
where, for example,
Γ˜(B → DE) = 1
2
∫
dB→DEPS |M(B → DE)|2 , (2)
which is easy to evaluate; the only thing to keep in mind is to use mDE instead of mB because B is
off-shell. The factor of 1/mA is the flux factor evaluated in the rest frame of the parent particle. If
the intermediate state B has a large width, we should replace
(m2DE −m2B)2 → (m2DE −m2B)2 +m2BΓ2B , (3)
where ΓB is the decay width of B. Here we will work in the narrow width approximation.
Why is this proposal working? An intuitive justification is that when one integrates over the invariant
masses, the invariant mass can effectively be used in place of the physical mass for the parent particle.
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Using the invariant mass has the extra advantage that the phase space is always real. We are effectively
decomposing the full phase space of the entire cascade into several parts, writing each of them in
terms of trivial 1 → 2 phase spaces. Now these individual subdiagrams have been computed using
the standard techniques of quantum field theory, so there is no ambiguity. The essential part of our
proposal is to provide the prescription to join those contributions, maintaining the flow of polarizations
through off-shell propagators. Thus this method can be applied to any tree level cascade decay,
irrespective of the spin of the intermediate propagators, and the number of such propagators. However,
at this present form, it cannot be applied to calculate loop integrals, unless they can be reduced to
some effective operators.
A few examples will now follow. We will, however, not show the detailed evaluation of |M|2, which is
an undergraduate exercise.
The paper is arranged as follows. In Section 2, we will provide a ‘toy’ example with an off-shell scalar
propagator. In Section 3, more examples will be provided, including numerical checks with the existing
software. We conclude in Section 4.
2 A ‘toy’ example
The first example follows from Ref. [3] where an outline of the algorithm was given for scalar propaga-
tors only. Consider the decay of a heavy lepton `0 to three leptons `1, `2, and `3, mediated by scalars
which we will call ∆. The coupling of ∆ with `i and `j will be denoted by yij . Suppose the decay
chain is `0 → `1∆∗, ∆∗ → `2`3. According to our proposal, the virtual decay width of ∆∗ → `2`3 is
given by
Γ˜∆
∗
`2`3 =
(
1− 1
2
δ`2`3
)∫
d∆
∗→`2`3
PS
|M(∆∗ → `2`3)|2
2
=
(
1− 1
2
δ`2`3
)
λ1/2(m223,m
2
`2
,m2`3)
16pim223
|y23|2(m223 −m2`2 −m2`3) , (4)
where m23 is the momentum transfer through ∆; note the use of the invariant mass m23 in this step.
The decay width, therefore, is
Γ123 =
1
2m`0
∫
dm223
pi(m223 −m2∆)2
∫
d`0→`1∆
∗
PS |M(`0 → `1∆∗)|2Γ˜∆
∗
`2`3
=
(
1− 1
2
δ`2`3
)∫ (m`0−m`1 )2
(m`2+m`3 )
2
dm223
pi(m223 −m2∆)2
[
λ1/2(m2`0 ,m
2
23,m
2
`1
)
16pim3`0
|y01|2(m2`0 +m2`1 −m223)
]
×
[
λ1/2(m223,m
2
`2
,m2`3)
16pim223
|y23|2(m223 −m2`2 −m2`3)
]
. (5)
Note again the integration over m23 over its entire range. The integration may have to be done
numerically if all lepton masses are kept.
3
µ(p1)
νµ(pνµ) e(p3)
ν¯e(p4)
W∗(p2) W∗(p2)
αµ ν β
Figure 1: Feynman diagram for µ→ νµW ∗ → νµνee.
3 Further examples with fermion and gauge propagators
3.1 µ→ νµW ∗,W ∗ → eνe
Muon decay is instructive because the intermediate W propagator has spin indices. Cutting it as
shown in Fig. 1, we get
Γ(µ→eνeνµ) =
1
mµ
∫ [
1
pi
(
dm212
(m212 −m2W )2
)]
Tr
[
Γ˜(µ→ νµW∗) Γ˜(W∗ → eνe)
]
. (6)
The virtual decay width for (µ→ νµW ∗) is[
Γ˜(µ→ νµW ∗)
]α
ν
=
1
2
∫
d
µ→νµW ∗
PS
[|M1(µ→ νµW ∗)|2]αν , (7)
where, following the momentum convention shown in Fig. 1, and using fermion spin summation and
the trace identities,[|M1|2]αν = g28 αλ(p2)µ∗λ (p2) [us(p3)γµ)(1− γ5)vs′(p4)] [vs′(p4)γν(1− γ5)us(p3)]
=
g2
8
αλ(p2)
µ∗
λ (p2)Tr[( /p3 −me)γµ(1− γ5)( /p4)γν(1− γ5)]
=
g2
2
αλ(p2)
µ∗
λ (p2) (p3µp4ν + p3νp4µ − gµν(p3.p4)− iµρνσpρ3pσ4 ) . (8)
Similarly, [
Γ˜(W ∗ → eνe)
]ν
α
=
1
2
∫
dW
∗→eνe
PS
[|M2(W ∗ → eνe)|2]να , (9)
where [|M2|2]να = g28 ∗αλ′(p2)∗βλ′(p2)Tr [/pνµγβ(1− γ5)( /p1 +mµ)γν(1− γ5)] . (10)
Next, we sum over the W spin,
∑
λ 
∗µ
λ (p)
ν
λ(p) = −gµν (the p2µp2ν term gives zero with massless
fermions in the final state), and evaluate the scalar trace, Tr
[|M1|2|M2|2] = 4g4[(p1.p4)(pνµ.p3)], and
average over the initial µ-spin, to get
Γ(µ→eνeνµ) =
1
2mµ
∫ [
1
pi
dm212
(m212 −m2W )2
∫
d
µ→νµW ∗
PS
∫
dW
∗→eνe
PS
{
g4(p1.p4)(pνµ.p3)
}]
. (11)
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Again, note the same logic: two 1→ 2 phase space integrals, and an integration over the free variable
m12.
In the rest frame of the muon, the decay width can be written (after neglecting the electron mass) as:
Γ(µ→ eνeνµ) =
g4m5µ
6144pi3m4W
. (12)
Keeping the electron mass, a numerical integration gives Γ = 6.91095× 10−11g4/m4W (in GeV). Both
the results are in complete agreement with that in the literature.
3.2 H → W−W+∗, W+∗ → tb
W−(p2)
α
µ
H(p1)
ν α
β
b¯(p4)
t(p3)
W+∗(k) W+∗(k)
Figure 2: Feynman diagram for the cascade decay: H →W−W+∗ →W−tb.
The next example is the decay H →W−W+∗, W+∗ → tb, with the momenta as shown in Fig. 2. The
masses mH and mt are kept as free parameters. The decay width is given by
Γ
(
H →W−tb) = 1
mH
∫ [
1
pi
dm212
(m212 −m2W )2
]
Tr
[
Γ˜(H →W−W+∗)Γ˜(W+∗ → tb)
]
. (13)
The virtual decay widths are[
Γ˜(H →WW ∗)
]α
ν
=
∫
dH→WW ∗PS
2
[|M1(H →WW ∗)|2]αν ,[
Γ˜(W ∗ → tb)
]ν
α
=
∫
dW
∗→tb
PS
2
[|M2(W ∗ → tb)|2]να , (14)
and [
|M1|2
]α
ν
=
(
2m2W
v
)2
[αλ(p2)
µ∗
λ (p2)µλ′(k)
∗
νλ′(k)] ,[
|M2|2
]ν
α
=
g2|Vtb|2
8
Tr[( /p3 −mt)γν(1− γ5)( /p4 +mb)γβ(1− γ5)]λ′′α (k)λ
′′∗
β (k) . (15)
We have kept only the spin indices of the cut propagator as free and used∑
λ
∗µλ (k)
ν
λ(k) = −gµν +
kµkν
m2W
. (16)
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Taking the parent H to be at rest and using k2 = m212, we get
Γ(H →Wtb) = Ncg
2m4W
4mHv2
|Vtb|2
∫ [
1
pi
dm212
(m212 −m2W )2
] ∫
dW
∗→tb
PS
∫
dH→WW
∗
PS F , (17)
where F , evaluated from the spin sum and the trace, is
F = 16
m4W
[
2m2W (p2.p3)(p2.p4) + 4m
2
W (k.p3)(k.p4)− 2m2Wm212(p3.p4)− 2(k.p2)(k.p3)(p2.p4)
−2(k.p2)(k.p4)(p2.p3) + 2(k.p2)2(p3.p4) +m412(p3.p4)− 2m212(k.p3)(k.p4)
+2m−2W (k.p2)
2(k.p3)(k.p4)−m−2W m212(p3.p4)(k.p2)2 +m4W (p4.p3)
]
. (18)
A comparison of our method, where the integration is done numerically by Mathematica [4], and the
result from CalcHEP v3.6.25 [1], is shown in Table 1. The typical uncertainty in the evaluation of the
decay width through Monte Carlo sampling is about 10%, and our method is in complete agreement.
mt mH Γ
(GeV) (GeV) (GeV)
0 82 2.962(2.942)× 10−11
125 2.771(2.739)× 10−4
150 4.007(3.954)× 10−3
25 106 2.595(2.687)× 10−10
120 1.989(1.916)× 10−5
130 1.478(1.419)× 10−4
50 132 2.846(2.869)× 10−8
140 1.901(1.833)× 10−5
150 4.040(3.859)× 10−4
Table 1: Decay widths for different values of mt and mH . Central values from CalcHEP v.3.6.25 [1]
with a typical error of 10% are shown in parenthesis. We have taken mb = 0 and Vtb = 1.
3.3 H → tt∗, t∗ → bW−
This is an analogous case with a fictitious heavy Higgs boson and involving an off-shell fermion. The
Feynman diagram, including the spin and momentum labels, is shown in Fig. 3. Thus
Γ(H → tbW ) = 1
mH
∫
1
pi
dm212
(m212 −m2t )2
Tr
[
Γ˜(H → tt∗)Γ˜(t∗ → bW )
]
. (19)
The virtual decay widths are
[
Γ˜(H → tt∗)
]
c1b2
=
∫
dH→tt
∗
PS
2
[|M1(H → tt∗)|2]c1b2 ,[
Γ˜(t
∗ → bW )
]
b2c1
=
∫
dt
∗→bW
PS
2
[|M2(t∗ → bW )|2]b2c1 , (20)
6
t(p2)
b¯(p3)
W−(p4)
c1
d1 b2
a2
b1
a1c1
t¯∗(k) t¯∗(k)H(p1)
Figure 3: Feynman diagram for H → tt∗, t∗ → bW−.
and the amplitudes can be written as:[
|M1|2
]
c1b2
=
g2m2t
4m2W
{[us1(p2)]c1 [us1(p2)]d1 [vs2(k)]d1 [vs2(k)]b2} ,[
|M2|2
]
b2c1
=
g2|Vtb|2
8
{[vs3(k)]a1 [γµ(1− γ5)]a1a2 [vs4(p3)]a2×
[vs4(p3)]b1 [γ
ν(1− γ5)]b1b2 [vs3(k)]c1}
[
λµ(p4)
∗λ
ν (p4)
]
. (21)
Neglecting the mass of the bottom quark, one gets
Γ(H → tbW ) =
( 1
4mH
)g4m2tNc|Vtb|2
32m2W
∫ [
1
pi
(
dm212
(m212 −m2t )2
)]∫
dH→tt
∗
ps
∫
dt
∗→bW
ps F , (22)
where
F = (16(p2.k)− 16mtm12)
(
(k.p3) +
2(k.p3)(p3.p4)
m2W
)
, (23)
obtained after performing the spin sum and trace.
The expressions for |M|2 match with the standard expressions in the literature [5]. Our final results
also match with those using other formalisms for evaluating the three-body phase space [6, 7]).
For mt = 174 GeV and mH = 260(280, 300, 320) GeV, we find Γ = 9.327× 10−9(4.979× 10−6, 8.484×
10−5, 6.924× 10−4) GeV respectively.
3.4 H → Z∗Z∗, Z∗ → l1l2, Z∗ → l3l4
For this process, the decay width can be written as:
Γ(H → l1l2l3l4) = 1
2
1
mH
∫ [
1
pi
(
dm212
(m212 −m2Z)2
)]∫ [
1
pi
(
dm234
(m234 −m2Z)2
)]
×
Tr
[
Γ˜(H → Z∗Z∗)Γ˜(Z∗ → l1l2)Γ˜(Z∗ → l3l4)
]
, (24)
7
H(p)
Z∗(p2)
Z∗(p1)
l1(pl1)
l2(pl2)
l3(pl3)
l4(pl4)
µ
α
β
ρ
σ
ν
β
Z∗(p2)
Z∗(p1)
Figure 4: Representative figure of cascade decay: H → Z∗Z∗ → l1l2l3l4.
where 12 = (1− δZZ/2) is the symmetry factor, and[
Γ˜(H → Z∗Z∗)
]α
ν
=
∫
dH→Z∗Z∗PS
2
[|M1(H → Z∗Z∗)|2]αν ,[
Γ˜(Z∗ → lilj)
]ν
β
=
∫
d
Z∗→lilj
PS
2
[|M2(Z∗ → lilj)|2]νβ , (25)
[|M1|2]αν = g2m2Zcos2θW α(p2)∗µ(p2)µ(p1)∗ν(p1) ,[|M2|2]νβ = g216cos2θW νλ(p1)∗σλ (p1)Tr[( /pli −mli)γβ(cv + γ5)( /plj +mlj )γσ(cv + γ5)] , (26)
where cv = −1 + 4sin2θW .
Neglecting the lepton masses and using the spin sum
∑
λ 
∗µ
λ (k)
ν
λ(k) = −gµν , the decay width can be
written as:
Γ(H → 4l) = 1
16mH
∫ [
1
pi
(
dm212
(m212 −m2Z)2
)]∫ [
1
pi
(
dm234
(m234 −m2Z)2
)]
×∫
dH→Z
∗Z∗
PS
∫
dZ
∗→l1l2
PS
∫
dZ
∗→l3l4
PS F , (27)
where
F =
(
g6m2Z
256 cos6 θW
)(
16(c2v + 1)
2 [2(pl3 .pl2)(pl1 .pl4) + 2(pl3 .pl1)(pl4 .pl2)]
)
. (28)
One can further simplify the decay width after writing the phase spaces explicitly. The similar decay
processes are discussed in [8, 9, 10, 11]. One can easily accommodate the interfering contribution by
adding an extra term (if there is any), Γ(l1 ↔ l3, l2 ↔ l4), in the above equation.
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4 Conclusions
In this paper we have proposed an algorithm to treat the n-body phase space analytically, as a product
of several virtual 2-body phase spaces. Compared to the standard Monte Carlo sampling, this method
is not only time-saving, particularly when a huge number of events are to be generated, but also have
comparable or even better accuracy. We have discussed the algorithm with several examples involving
off-shell scalars, fermions, and gauge bosons, and cross-checked our results with those available in the
literature or with standard software like CalcHEP. Implementation of this algorithm in an easy-to-use
software is also under progress.
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